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1 Definition
A numeraire N, is a strictly positive adapted process on Fy; and can be interpreted as a unit
of reference. Common numeraires are:

e Money market account which is the money accumulated in a bank account i.e.

N = ([ t rus)

The induced equivalent martingale measure is famously called risk-neutral measure.
e Zero-coupon bond P(t,T) maturing 7" with P(¢,7) =1

e A combination of zero-coupon bonds with varying maturities i.e.

n

N = Z(Tk — Ty—1)P(t, Tk)
k=1

where 0 <Th <Th < ...<Tpand 0 <t <T,.

2 Measure change

2.1 Equivalent measure

Measures P and P are said to be equivalent if
(a) supp(P) = supp(P) i.e. P(A) >0 <= P(A) >0, VA.
. . 4P
(b) There exists a stochastic process Z = 95 s.t.

o Z(w) >0, Vw
e EP(Z)= [ Z(w)dP(w) = 1.
o P(A) = J4Z(w)dP(w), VA

The below theorem helps in ensuring existence as well as finding the Radon-Nikodym deriva-
tive and the transformed process.

2.2 Girsanov theorem:

Let w; be a brownian motion defined on (£2, ) where f is an adapted process, then an equiv-
alent process w; can be defined as

t
w(t) = w(t) —|—/0 f(s)ds

where the Radon-Nikodym derivative is defined as

(1) = jfj — exp { / s~ & / t f<s>2ds}
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2.3 Deflated process

Suppose that we have an asset S;. We define a contingent claim V; on S which pays V(7T') at
maturity 7. Assuming no arbitrage and completeness, the deflated process of V; would be a
martingale under some numeraire /Ny and measure P i.e.

V() p (V)
v = (v 1 7)

3 Black-Scholes-Merton option formula

We assume that in the physical measure, the below process is taken by a non-dividend paying
stock, . . .
dSt = /,LStdt + O'Stdﬁ}t

where p, 0 and r are assumed to be constant over time.

Assuming 0 =

dw(t) = dis(t) + Odt

{/ Odi(s —/ 92ds}

We can rewrite the stock process as

puS(t)dt + oS(t)dw(t)
wS(t)dt + oS(t) (dw(t) — 0dt)
(

uS()dt + o S(t) <dw(t) Rz rdt)

=rS(t)dt + oS(t)dw(t)

dS(t)

We now work in risk neutral measure. To solve the above, we start with

8ln(5t) 1 82ln(St)
dSy +

1
= E(Tstdt + UStdwt) + W(T’Stdt + JStdwt)(rStdt + O'Stdwt)
£
2
= rdt + odw;, — %dt + O(df?) + O(dt.dw)

d(In(Sy)) = (dS;)?

2
= (7“ — J2> dt + odwy

Finally, we have,

0.2 t
Sy :Soexp{<r— )t+0/ dwt}
2 0
o2
—SoeXp{th-i-( 2>t

= Spexp {afot +

A
\_/W—/

% t} , X, ~ N(0,1)



The price of a call option can be written as

Call(t,S;) = E [e”"]S, — K|*]

2
Soexp{ax\/i—i— (u— 02) t} - K

—rt 00 +

e
N V2T Joo

which solves to the famous Black-Scholes-Merton formula.
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e 2 dz

4 Generalizations

The Black-Scholes-Merton model makes a lot of simplifying assumptions which are not ob-
served in reality. In response to that, we would like to price under arbitrary numeraire where
N; follows the below process in the physical measure

AN (t) = p(t)N(t)dt + v(t)N (t)di(t)

Under risk neutral measure, this can be transformed as

dN(t) = r(t)N(t)dt + v(t)N(t)dw(t)
Using the method employed in the earlier section and defining R(t) = exp{ fg —r(s)ds}, we

get
N(t) = N(0) exp {/Ot (r(s) _ ”(;)2> ds + /Ot v(s)dws}

= m :exp{/ot (v(;)2> ds+/0tv(8)dws}

The above can be treated as Radon-Nikodym derivative. Using Girsanov theorem, the new
wiener process is

dw) = dw + vedt

and the corresponding probability measure is

_ [ N@R(?)
PN(A) = /A det , where A € F;

4.1 Correlation

Suppose that we have two correlated processes in the physical measure
dS1(t) = py (t)S1(t)dt + o1 () Sy (t)dir (t)
A8 (t) = pa(t)Sa(O)dt + 02(£)Sa(t) [pdi1 (1) + /T — PP ()]

It would be straightforward transformation if they were denominated under the same money

market account. Suppose that the corresponding money market accounts are N(t) = exp{— fg n(s)ds}
and M (t) = exp{— fg m(s)ds} respectively. Then the exchange rate would be Q(t) = Q(0) exp(fot(m(s)—
n(s))ds). We want to move them under a common money market numeraire N. For S;, we

can refer to the earlier sections to write the below

asy (t) = n(t)SN (D)dt + o1 (1) SN (B)dw] (1



For So, we first use the martingale representation theorem which states that

VAT () s.t. d (QE)N(1)SY (t)) = T'(t)dw™ ()

We define oy(t) = WZ;&N(O’ then

d(QEIN(1)S3' (1)) = o2(t) Q)N () S5 (t)dw™ (¢)



